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Using the exat Bethe ansatz solution of the Hubbard model and Luttinger liquid theory, we
investigate the density proles and olletive modes of one-dimensional ultra-old fermions onned
in an optial lattie with a harmoni trapping potential. We determine a generi phase diagram
in terms of a harateristi lling fator and a dimensionless oupling onstant. The olletive
osillations of the atomi mass density, a tehnique that is ommonly used in experiments, provide
a signature of the quantum phase transition from the metalli phase to the Mott-insulator phase.
A detailed experimental implementation is proposed.
PACS numbers: 03.75.Ss, 03.75.Kk, 71.10.Pm, 71.30.+h
Introdution.  The Mott metal-insulator transition
(MMIT) is a fundamental onept in strongly orrelated
many-body systems. Reent experiments with ultra-
old atomi gases in optial latties are paving the way
to explore suh quantum phase transitions in a well-
ontrolled manner. The MMIT with bosoni atoms has
been demonstrated by Greiner et al. [1℄. A demonstra-
tion with fermions has not yet been realized experimen-
tally, although its realization is within reah of present-
day tehniques. In the fermioni ase, the relevant theory
is the widely studied Hubbard model. This is the sim-
plest lattie model of interating fermions, and is exatly
soluble in one dimension.
A gas of single omponent
40
K atoms in a parallel plane
lattie has already been reated by the LENS group,
thanks to rapid progress in the ooling of fermions to
temperatures below a miro-Kelvin. This demonstrated a
non-interating band insulator behavior [2, 3, 4℄ through
the observation of dipole mode osillations. An inter-
ating gas of ultra-old fermions with two populated hy-
perne levels in a one-dimensional lattie is also feasible,
thus oering the possibility of observing the fermioni
MMIT.
Motivated by this opportunity, we address the prob-
lem of how to detet the emergene of fermioni Mott-
insulator phases in real experiments with ultra-old
fermions. With optial latties, a harmoni potential is
neessary to prevent the atoms from esaping, so that the
Mott-insulator phase is restrited to an insulator domain
at the enter of the trap, and oexists with two ompress-
ible metalli wings. Therefore, the insulator phase an-
not be haraterized by a global ompressibility as in the
unonned ase. Rigol et al. [5℄ showed that a properly
dened loal ompressibility exhibits ritial behavior on
approahing the metal-insulator boundary.
In this Letter we show that olletive osillations of
the atomi mass density, an indiator of ompressibility,
an be utilized to monitor the emergene of the Mott-
insulator phase. We onsider a zero temperature, one-
dimensional Hubbard model with a harmoni potential,
as a model of an ultra-old two-omponent fermioni
atomi loud in a deep optial lattie with strong ra-
dial and weak axial onnement. Based on the exat
Bethe ansatz solution of the homogeneous 1D Hubbard
model [6℄, together with the loal density approximation
(LDA), we alulate the density prole of the loud as
funtions of a harateristi lling fator and oupling
onstant. This leads to a generi phase diagram inlud-
ing a metalli phase and a Mott-insulator phase. We
then investigate the low-energy olletive density osil-
lations of the loud in dierent phases using Luttinger
liquid (LL) theory [7℄, whih desribes long wavelength
hydrodynami behaviour.
We nd that in the metalli phase the olletive osilla-
tion is an overall motion that goes through all sites of the
loud. This quenhes gradually towards the phase transi-
tion point, with the mode frequeny dereasing monoton-
ially to zero. After entering the Mott-insulator phase,
the density osillation revives, but is restrited to the
ompressible wings. Therefore, a sharp dip appears in
all olletive mode frequenies in the viinity of the phase
boundary, giving a lear signature of the MMIT.
Phase diagram. We onsider the 1D Hubbard model
[6℄, as a prototype for N (N/2 = N↑ = N↓) interat-
ing fermions in deep optial latties, with a Hamiltonian
given by:
H0/th = u
∑
i
ni↑ni↓ −
∑
iσ
(
c+iσci+1σ + h.c.
)
. (1)
Here th and u (u > 0) are the hopping parameter and the
dimensionless on-site repulsion, respetively. The spin
σ =↑, ↓ represents dierent hyperne states. The ax-
ial harmoni trap adds a site dependent potential to the
Hamiltonian so that:
H = H0 +
∑
iσ
mω20
2
d2i2niσ, (2)
2where ω0 is the bare trapping frequeny and d = λ/2 is
the lattie periodiity, while λ is the wavelength of stand-
ing waves used to reate the 1D optial lattie. We de-
sribe the inhomogeneous gas, Eq. (2), within the LDA.
This amounts to determining the hemial potential of
the gas from the loal equilibrium ondition,
µ = µ
hom
[n (x) , u] +
mω20
2
d2x2. (3)
We also impose a normalization ondition,∑+∞
i=−∞ n (i) =
∫ +∞
−∞
n(x)dx = N, using µ
hom
[n (x) , u]
as the hemial potential of a homogeneous system with
a loal lling fator n(x) (0 ≤ n (x) ≤ 2) [8℄. In the
framework of LDA, we replaed the site index i with a
dimensionless variable x. The LDA is appliable in the
limit of a large lattie with a slowly varying trapping
potential. In other words, the use of LDA is justied
if the size of the gas is muh larger than the harmoni
osillator length
√
~/mω0, implying µ ≫ ω0 or N ≫ 1.
Beause of the optial lattie, the single-partile trap-
ping frequeny is renormalized to ωeff = (m/m
∗)
1/2
ω0,
with an eetive mass m∗ = ~2/
(
2d2th
)
. We also
dene a dimensionless frequeny, ω = ~ωeff/ (2th), with
orresponding dimensionless time τ = tωeff/ω.
To onstrut the phase diagram, it is useful to intro-
due two parameters:
• κ = u2/ (16Nω) is the interation strength
• ν = 2
√
Nω/pi is the harateristi lling fator
We larify the physial meanings of these parameters by
onsidering two limiting ases.
(i) In the limit of a dilute Fermi loud [n (i) →
0℄, the Hubbard model redues to Yang's exatly
solvable Fermi gas model. Therefore, the homoge-
neous hemial potential takes the form µ
hom
[n, u] =
(2th)
(
pi2n2/8
)
µ′
hom
[u/ (2n)] up to an irrelevant on-
stant. The funtion µ′
hom
is obtained by solving a set
of integral equations [9℄.
In terms of the dimensionless hemial potential µ˜ =
8µ/
(
u2th
)
and the resaled oordinate x˜ = 4ωx/u, the
loal equilibrium and normalization onditions an be re-
expressed as: pi2/
[
2γ2 (x˜)
]
µ′
hom
[γ (x˜)] + x˜2/2 = µ˜ and∫ +∞
−∞
2/γ (x˜) dx˜ = 16Nω/u2, where γ (x˜) = u/ [2n (x˜)].
These equations indiate that the oupling strength is
κ = u2/ (16Nω), where κ≪ 1 orresponds to weak ou-
plings and κ≫ 1 is the strongly interating regime.
(ii) In the noninterating limit, µ
hom
[n, u = 0] =
−2th cos (pin/2) n→0≈ 2th
(−1 + pi2n2/8). It is straight-
forward to show that the entral number density is
n (x = 0) = 2
√
Nω/pi, whih we dene as the hara-
teristi lling fator ν.
We determine the phase diagram in Fig.1a from the
density proles. Five phases (or mixed phases) are iden-
tied by plotting the entral density n(x = 0) as a fun-
tion of ν for dierent values of κ, as shown in Figs. 1b,
Figure 1: (olor online) Phase diagram of one-dimensional
onned Fermi gases in optial latties. A: a pure metalli
phase. B: a single Mott insulator domain at the enter, a-
ompanied by two metalli wings. C: a metalli phase at the
enter surrounded with Mott insulator plateaus. D: a band
insulator at the enter with metalli wings outside. E: a band
insulator at the trap enter surrounded by metalli regions,
in turn surrounded by Mott insulators. We have plotted a
dashed line to illustrate the rossover behavior from A to C,
or D to E. The empty symbols are the results from quantum
Monte-Carlo simulations [5℄. In Figs.(b), () and (d), the en-
tral densities n(x = 0) as a funtion of ν have been plotted
for three values of κ = 0.01, 1, and 100. The dashed lines in
these gures divide the system into dierent phases and the
orresponding typial density proles are shown in insets.
1 and 1d, and explained in the gure aption. In addi-
tion, various interation regimes are illustrated expliitly
by two dotted lines in Fig. 1a, where κ < 0.1 orre-
sponds to weak ouplings, κ > 10, to strong ouplings,
and an intermediate regime is in between. In the weak
oupling limit (κ = 0.01), the loud is noninterating.
An inrease of the harateristi lling fator hanges it
from a metal to a band insulator. In the strong oupling
regime (κ = 100), the loud behaves like a noninterat-
ing spinless Tonks gas. It beomes a Mott insulator with
inreasing ν, whih an also be understood as a band
insulator in a spinless gas. In the intermediate oupling
regime, the existene of the trap leads to a oexistene
of metalli and insulating phases, labelled C and E, that
have no orrespondene in the unonned ase. An ex-
ample is shown in Fig. 1 to illustrate the suessive
emergene of mixed phases C and E as ν inreases.
A similar phase diagram of ultraold fermions in 1D
optial latties has been proposed previously in Ref. [5℄
using quantum Monte-Carlo alulations. Our results for
the phase boundaries are in quantitative agreement with
their ndings in the same parameter spae that has been
simulated. This is expeted sine the LDA should work
well for these parameters. Sine our theory uses an exat
analyti solution, together with the asymptotially exat
LDA, this veries the previous numerial work. The dis-
3repany in determining the rossover boundary from A
to C or D to E is due to the use of dierent riteria.
The phase diagram in Ref. [5℄ overs only the weak
oupling and intermediate regimes of κ . 1.0. We have
extended their phase diagram to the strongly interating
regime. This extension turns out to be ruial from the
experimental point of view. As we shall see in Figs. 2a
and 2, the olletive modes behave distintly in dier-
ent interation regimes. Let us now onsider in detail
these olletive density osillations whih are of primary
interest in the present Letter.
Colletive density osillations.  We desribe the low-
energy dynamis of density utuations of metalli re-
gions in eah phase using the LL model of the 1D Fermi
gas in optial latties [7℄, where the Hamiltonian an be
written as:
H
LL
=
∑
ν=ρ,σ
∫
dx
uν(x)
2
[
Kν(x)Π
2
ν +
1
Kν(x)
(
∂φν
∂x
)2]
.
(4)
Here uρ and uσ are the density and spin veloities, re-
spetively, andKρ andKσ are the Luttinger exponents of
long-wavelength orrelation funtions. These parameters
in a spatially homogeneous gas an be alulated from the
Bethe ansatz solution of the 1D Hubbard model [8, 10℄.
In the Hamiltonian, we have already used the LDA, i.e.,
uν(x) ≡ uν (n (x)) and Kν(x) ≡ Kν(n (x)). The anon-
ial momenta Πν are onjugate to the phases φν , i.e.,
[φν (x) ,Πµ (x
′)] = iδµνδ (x− x′). Physially, the gradi-
ents of the phases ∂xφν (x) are proportional to the den-
sity (or spin density) utuations, δnν (x) = −∂xφν (x),
while the momenta Πν (x) are proportional to the density
(or spin density) urrents, jν (x) = uν(x)Kν(x)Πν (x).
From this linearized Hamiltonian, we derive the hydro-
dynami equation of motion:
∂2δnν
∂τ2
=
∂
∂x
[
uν(x)Kν(x)
∂
∂x
(
uν(x)
Kν(x)
δnν
)]
. (5)
Hereafter we fous on the readily observable density
modes. We onsider the n-th eigenmode with δnρ (x) ∼
δnρ (x) exp (iωnτ) and substitute it into Eq. (5). The
resulting equation for δnρ (x) is solved using boundary
onditions whih require the urrent jρ (x) to vanish [11℄.
The details, together with the interesting question of
spin-harge separation, will be presented elsewhere [12℄.
Fig. 2 shows the square of frequenies of the breathing
mode and of the dipole mode at xed values of ν and of κ.
For a onstant value of κ, the remarkable feature shown
in Figs. 2b and 2d is the appearane of a sharp dip at a
partiular value of the harateristi lling fator, whih
has been identied as the transition point from a metal
to an insulator. On the left side of the transition point,
the loud is a pure metal and the density utuates at
all sites. The derease of the frequeny with inreasing ν
an be understood from the fat that in the homogeneous
ase the loud has a sound-like spetrum, and the sound
veloity uρ dereases as uρ ∝ 1 − n on approahing the
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Figure 2: Square of frequenies of the breathing mode (Figs.
2a and 2b) and of the dipole mode (Figs. 2 and 2d) at xed
values of ν and of κ . The irles in (a) are the preditions of
the sum-rule approah, while the irles in (b) and (d) are the
results for the non-interating Fermi gas, obtained by solving
the semi-lassial Boltzmann kineti equations.
transition point at n = 1, due to the opening of the
harge gap. For larger lling, an insulating domain forms
at the enter of the trap, in whih the LL desription
breaks down. In response to a trap displaement, the
enter of mass will develop a quasi-stati displaement
in this ase. Our theory is able to desribe the loal
osillations of the metalli wings around this new origin.
We have veried this expetation by using the semi-
lassial Boltzmann kineti theory for a non-interating
loud [4, 13℄. As ν inreases, the metalli wings shrink in
size and beome less ompressible. Therefore the mode
frequeny rises after rossing the transition point. This
is the entral result of this Letter. The Boltzmann the-
ory also lets us investigate nonlinear damping eets,
whih we nd inrease rapidly with trap displaement
[13℄. These are absent in the LL theory, whih only treats
small displaements.
The appliation of the LL theory for low-energy dy-
namis of the 1D Hubbard model in the unonned ase
is already well aepted in ondensed matter physis [10℄.
In the presene of a trap, we would expet that the LDA
is still appliable for desribing the dynamis of the loud.
To this aim, we have examined the validity of the LL
theory within LDA for olletive osillations by using al-
ternative methods in two limiting ases. (i) In Fig. 2a
the open irles are the predition of m3/m1 or m1/m−1
sum-rules at ν → 0 [12, 14℄. The exellent agreement
shows that the LL theory is orret at low density for ar-
bitrary oupling strengths. (ii) On the other hand, for a
non-interating gas at a nite lling fator, we alulate
the mode frequeny by solving the semi-lassial Boltz-
mann kineti equation [13℄. As shown by open irles
in Figs. 2b and 2d, this leads again to the same result
obtained by the LL theory. Combining these two obser-
4Figure 3: (olor online) A proposed experimental sheme.
The square of breathing mode frequeny has been plotted
as a funtion of the depth of the lattie potential s for a gas
of potassium atoms. The inset shows the path in the phase
diagram with inreasing s.
vations, we expet that the LL theory within the LDA is
valid for nite lling fator at arbitrary ouplings, under
the required onditions.
Experimental proposal.  In reent experiments, an
array of quantum gases of bosoni
87
Rb atoms in 1D op-
tial latties has been reated [15℄. The gas is rst sub-
jeted to a ombined potential of a harmoni trap and
deep transverse standing waves. An additional optial
lattie with adjustable depth is then swithed on in the
axial diretion to form the nal onguration. An in-
terating Fermi gas of
40
K atoms in 3D latties has also
been demonstrated [16℄. We expet that an array of in-
terating gases of
40
K atoms will be realized soon. Using
the realisti parameters in Ref. [15℄ (with
87
Rb being
replaed by
40
K ), we have alulated th, u = U/th, and
ω in a Gaussian approximation [17℄. We have taken an
inter-speies s-wave sattering length a3D = +26aB for
40
K atoms, where aB = 0.529 Å is the Bohr radius. The
value of a3D is tunable by a Feshbah resonane. The
typial number of atoms in eah tube is N = 15, whih
is about the minimum required for the validity of LDA.
We show the square of frequenies of the breathing
mode as a funtion of the depth s of the lattie potential
in Fig. 3. Finite temperatures and/or nonlinear eets
due to nite amplitude osillations, will lead to the de-
ay of olletive modes, and simultaneously weaken the
sharpness of the frequeny dip. In addition, the exper-
iments urrently average over many tubes of 1D inter-
ating gases, where the number of atoms has a paraboli
distribution. This will further redue the dip signal. Nev-
ertheless, the qualitative piture of the appearane of dip
struture in the viinity of MMIT transition should per-
sist, and will be a signature of the entrane into the Mott-
insulator phase.
Conlusions.  In summary, we present a phase dia-
gram for 1D onned fermions in an optial lattie. We
show that the behavior of the frequenies of olletive
density modes is distint in eah phase. Therefore, the
phase diagram an be deteted unambiguously by mea-
suring density osillations. This provides a useful tool for
loating the quantum phase transition from the metalli
phase to the Mott-insulator phase. We expet that a
similar sensitivity of the mode frequenies with respet
to the phase will arise in higher dimensions. Further-
more, this signature ould be applied as well to a gas of
1D bosons in an optial lattie, sine the behavior of its
low-energy exitations in the superuid phase falls in the
same universality lass as the LL theory.
Our investigation is based on the exat Bethe ansatz
solution and the LL theory of 1D Hubbard model, with
the eet of harmoni traps being inorporated in the
LDA. We justied the use of LDA in several limiting
ases, both for stati and dynamial properties. To fur-
ther examine the validity of LDA for dynamis, more
ompliated numerial simulations are neessary. Pos-
sible andidates are fermioni phase-spae [18℄ or time-
dependent density-matrix renormalization group method
[19℄. This is beyond the sope of the present Letter.
We are indebted to M. Rigol and F. Werner for use-
ful disussions. X.-J. L and P. D. D gratefully aknowl-
edge support by the Australian Researh Counil. H.
H was partially supported by INFM under the PRA-
Photonmatter Programme.
[1℄ M. Greiner et al., Nature (London) 415, 39 (2002).
[2℄ L. Pezze et al., Phys. Rev. Lett. 93, 120401 (2004).
[3℄ C. Hooley and J. Quintanilla, Phys. Rev. Lett. 93,
080404 (2004).
[4℄ T. A. B. Kennedy, Phys. Rev. A 70, 023603 (2004).
[5℄ M. Rigol et al., Phys. Rev. Lett. 91, 130403 (2003).
[6℄ E. H. Lieb and F. Y. Wu, Phys. Rev. Lett. 20, 1445
(1968).
[7℄ A. Reati et al., Phys. Rev. Lett. 90, 020401 (2003).
[8℄ C. F. Coll, Phys. Rev. B 9, 2150 (1974).
[9℄ C. N. Yang, Phys. Rev. Lett. 19, 1312 (1967).
[10℄ H. J. Shulz, Phys. Rev. Lett. 64, 2831 (1990).
[11℄ R. Combesot and X. Leyronas, Phys. Rev. Lett. 89 ,
190405 (2002).
[12℄ X.-J. Liu, P. D. Drummond, and H. Hu, unpublished.
[13℄ X.-J. Liu and P. D. Drummond, unpublished.
[14℄ These sum rules are derived by using the formulae in: E.
Lipparini and S. Stringari, Phys. Rep. 175, 103 (1989).
[15℄ B. Paredes et al., Nature (London) 429, 277 (2004).
[16℄ M. Köhl et al., ond-mat/0410389 (2004).
[17℄ The gaussian approximation for the hopping parameter
th beomes less aurate for a deep lattie depth. A better
esimation of th an be found in: W. Zwerger, J. Opt. B:
Quantum Semilass. Opt., 5, S9 (2003).
[18℄ J. F. Corney and P. D. Drummond Phys. Rev. Lett. 93,
260401 (2004).
5[19℄ C. Kollath et al., ond-mat/0411403 (2004).
